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We solve the Killing spinor equations and determine the near horizon geometries of M- 
theory that preserve at least one supersymmetry. The M-horizon spatial sections are 9- 
dimensional manifolds with a Spin(7) structure restricted by geometric constraints which 
we give explicitly. We also provide an alternative characterization of the solutions of the 
Killing spinor equation, utilizing the compactness of the horizon section and the field 
equations, by proving a Lichnerowicz type of theorem which implies that the zero modes 
of a Dirac operator coupled to 4-form fluxes are Killing spinors. We use this, and the 
maximum principle, to solve the field equations of the theory for some special cases and 
present some examples. 



1 Introduction 



Most of the supergravity solutions that have widespread applications in strings and M- 
theory, such as branes and black holes, admit stationary time-like Killing vector fields 
which become null at a hypersurface, ie exhibit Killing horizons. For extreme branes [1] 
and black holes, a suitable geometry can be defined near the Killing horizons, "the near 
horizon geometry," that is also a solution of the supergravity field equations. Such near 
horizon geometries exhibit additional symmetries to those of the original brane and black 
hole spacetimes and they have been the focus of intense investigations in the context of 
AdS/CFT [2] and black hole thermodynamics. 

Under certain regularity assumptions, one can adapt Eddington-Finkelstein type of 
coordinates near every Killing horizon [13], [14]. In these coordinates and in the near 
horizon limit, the metric and fluxes of brane and black hole solutions take a particularly 
simple form. As a result, it is more straightforward to construct the near horizon geome- 
tries from those of brane and black hole spacetimes. Because of this, the near horizon 
geometries can also be used to provide evidence for the existence of new solutions and 
explore uniqueness theorems for black hole and brane solutions in diverse dimensions 
[3H12]. 

The search for near horizon geometries in supergravity theories has been facilitated 
by the additional assumption that they preserve at least one supersymmetry. Using this, 
a systematic investigation of such solutions can be made, following the solution of the 
problem for the simple 5-dimensional supergravity in [15] and the subsequent construction 
of non-spherical black hole solutions, the black rings in [16]. The topology, geometry and 
fractions of supersymmetry preserved by the horizons of M — 1 d — 4, (1,0) d — 6 and 
heterotic supergravities have been determined [18, 19, 20], respectively. Moreover those 
horizons that preserve at least half of the supersymmetry have been classified up to a local 
isometry. These results have followed the solution of the Killing spinor equations (KSEs) of 
these theories for backgrounds preserving any number of supersymmetries [23, 24, 25, 26]. 
In addition, the topology and geometry of IIB horizons with 5-form flux has been identified 
in [22] and that of static M-horizons in [21]. In these two cases, it has been assumed that 
the solutions preserve at least one supersymmetry. Again the solution of the KSEs of IIB 
[27] and 11-d supergravity [28, 29] for backgrounds preserving one supersymmetry has 
been utilized. However all our calculations rely on the spinorial geometry technique of 
[29]. It is not known how to identify all the fractions of supersymmetry preserved by IIB 
and M-horizons. 

In this paper, we solve the KSEs of M-horizons preserving at least one supersymmetry 
extending the results for static horizons in [21]. For this, we identify the black hole 
stationary Killing vector field with the Killing vector field of backgrounds preserving one 
supersymmetry constructed as a Killing spinor bilinear. We shall find that the horizon 
spatial sections S admit a Spin(7) structure which satisfies some geometric constraints 
given in either (A. 36) or (A. 44). Moreover we show some of the fluxes are expressed in 
terms of the geometry but some others remain unrestricted by the KSEs. The full solution 
of the KSEs can be found in appendix A and it is expressed in a gauge where there is a 
preferred direction 1 in the tangent space of S. 

1 Such a direction is always attained as S is 9-dimensional, the Euler number vanishes, and so it admits 
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We also give a covariant description of the solution to the KSE by proving a Lich- 
nerowicz type of theorem. The KSE of 11-dimensional supergravity is a parallel transport 
equation with respect to the supercovariant connection V associated with the gravitino 
supersymmetry transformation. It is apparent that every solution of the KSE is also a 
solution of the Dirac equation associated with V which exhibits a coupling to the 4-form 
field strength. Using the compactness of the spatial horizon sections and the field equa- 
tions of the theory, we shall demonstrate that every zero mode of the Dirac equation on 
the horizon section gives rise to a parallel and so Killing spinor. 

To find examples of near horizon geometries, one has to also solve the field equations 
and Bianchi identities of the theory which are not implied as integrability conditions of 
KSEs. In many theories of interest, like heterotic, the former are solved or significantly 
simplified by using the maximum principle utilizing a scalar on the spatial horizon sections 
that is constructed from the data of the problem. It is not apparent that all M-horizon 
geometries can be found in this way. Nevertheless, we explore some special cases relying on 
the maximum principle to solve or simplify the field equations. In particular, we focus on 
magnetic horizons and give some explicit results. In addition, we show that all heterotic 
horizons can be lifted to M-horizons. This class of M-horizons exhibits a supersymmetry 
enhancement, ie it preserves at least 2 supersymmetries, which is a consequence of a 
similar property for heterotic horizons. 

This paper is organized as follows. In section two, we describe the near horizon fields, 
state our notation and give the field equations of 11-d supergravity. In section 3, we solve 
the KSEs. Part of the results of this section are summarized in appendix A. In section 4, 
we prove the Lichnerowicz type of theorem. Again some of the computations for this are 
presented in appendices B and C. In section 5, we explore the magnetic horizons and give 
some examples. In section 6, we also describe the lifting of heterotic horizons to M-theory 
horizons, and in section 7 we give our conclusions. In appendix D, we solve the KSEs of 
an example presented in section 5. 

2 Near Horizon Geometry 
2.1 Near horizon fields 

A straightforward adaptation of the analysis in [13], [14] gives that the metric of the near 
M-horizon geometries can be written as 

ds 2 = 2e+e~ + <%eV = 1du[dr + rh - -r 2 Adu) + g IJ dy I dy J , (2.1) 

where we have introduced the frame 

e + = du , e" = dr + rh - -r 2 Adu , e* = e\jdy J ; gu = b^e 1 ^ j , (2.2) 

the dependence on the coordinates r, u is given explicitly, and h = hie 1 , A and e} depend 
only on the rest of the coordinates y. We choose the frame indices % — 1, 2, 3, 4, 6, 7, 8, 9, % 

an everywhere non- vanishing vector field. 
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and we follow the conventions of [17]. Observe that the Killing vector field d u is time-like 
everywhere as A > and becomes null at r = 0. The near horizon section S is the 
co-dimension 2 subspace given by r = u = equipped with the metric 

ds 2 (S) = gudy'dy 1 , (2.3) 

and it is assumed to be compact connected without boundary. The near horizon metric 
(2.1) has an additional isometry to d u , associated with the scaling transformation r — > £r 
u — > l~ l u, which may not be extended beyond the near horizon limit. 

Now let us turn to the 3-form gauge potential C of the M-horizons. Using the ex- 
tremality condition C-ij = and that the field strength F = dC must must be invariant 
under both the stationary and scaling isometries of the near horizon geometries, the most 
general form of C is 

C = re+ A B + e+ A e A A + G , (2.4) 
where A, B, G are u, r-independent 1-, 2- and 3-forms on S, respectively. Setting 2 

Y = -B + d h A, (2.5) 

one obtains 

F = e + A e - A Y + re+ A d h Y + X , (2.6) 

where Y G A 2 (S), X e A 4 (S) are u, r-independent two and four forms, respectively. The 
remaining condition imposed by the Bianchi identity is 

dX = . (2.7) 

To summarize, the metric and 4-form field strength of M-horizons can be expressed as in 
(2.1) and (2.6), respectively. 



2.2 Field Equations 

The field equations of 11-dimensional supergravity [30] for M-horizons decompose along 
the light-cone and spatial horizon section S directions. The field equation of the 3-form 
gauge potential is 

d*n F — A F — , (2.8) 

where *n is the Hodge star operation of 11-dimensional spacetime. These can be decom- 
posed as 

- *b d h Y - h A *bX + d * 9 X = Y A X , (2.9) 

and 

-d* 9 Y = -XAX, (2.10) 



2 If L is a k-form, then dhL = dL — h A L. 
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where *g is the Hodge star operation on S, spacetime volume form is chosen as e n = 
e + A e A e$ and e$ is the volume form of S. Equivalently, in components, one has 

V*X lilhi3 + 3V {il Y i2&i] = 3h [h Y hi3] + h'Xa^e* - ^e^^^ 9l9293949596 ^ 192 ^3 949596 ,(2.11) 
and 

X73V.. _ _ r 9192939495969798 V Y — fl f9 1 9"\ 

1152 ^91929394 ^95969798 ~~ U 5 l Z " XZ 'y' 

where V is the Levi-Civita connection of the metric on the near horizon section S. 
The Einstein equation is 

-Rmv = -^F MLlL2L3 F N 1 2 3 — y^9mnFl 1 l 2 l 3 l 4 F 1 2 3 4 . (2-13) 

This decomposes into a number of components. In particular along 5, one finds 

-Rij + V ( j/ij) - -/ij/ij = --YtfYf + —X ihe2e:i X/ lhi3 



W 1 ' 2 ' ^ eM X^^ , (2.14) 



where Rij is the Ricci tensor of S. The H — component of the Einstein equation gives 

V% = 2A + h 2 - l -Y ht2 Y^ - ±-X hWi X ill2htA ■ (2-15) 
Similarly, the ++ and +i components of the Einstein equation can be expressed as 
iv l V,A - hi l V,A - ]^AV% + Ah 2 + - A dh l3 dW = -^(d h Y) tMz (d h YY^ , 



(2.16) 



and 



~V j dhji + U{dh) 3l - V,A + Ah, = il/ lW3 (47) W2<3 - \{d h Y)^Y ht2 



(2.17) 



respectively. Although we have included the ++ and the +i components of the Einstein 
equations for completeness, it is straightforward to show that both (2.16) and (2.17) hold 
as a consequence of (2.7), the 3-form field equations (2.9) and (2.10) and the components 
of the Einstein equation in (2.14) and (2.15). This does not make use of supersymmetry, 
or any assumptions on the topology of S. Hence, the conditions on A, h, Y and X 
simplify to (2.7), (2.9), (2.10), (2.14) and (2.15). 
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3 Killing spinor equations 



The KSE of 11-dimensional supergravity is 

V M e + ^ - — r ' M L i L 2^4 F LlL2LzU + — F MLlL2L3 Y LlL2L ^j e = , 

(3.1) 

where V is the spacetime Levi-Civita connection. The KSE can be decomposed along 
the light-cone and S directions, as in the decomposition of the field equations. Before we 
proceed with the analysis, the non-vanishing components of the spin connection for the 
metric (2.1) are 

1 11 

= -rA, = -r 2 (Ahi - <%A), = —^fk, Vt +>ij = --r(dh) i:j , 

,+i = ' — = 2^*' = 2^^^^* : " ^i,jk = ^i,jk j (3-2) 

where Clijk is the spin connection of the horizon section S. 

To solve the KSEs for M-horizons, we shall first demonstrate that they can be inte- 
grated along the light-cone directions. Then, we shall assume that the stationary Killing 
vector field d u is identified with the vector Killing spinor bi-linear of backgrounds pre- 
serving one supersymmetry. This leads to a simplification of the KSEs along the horizon 
section S which we solve using spinorial geometry [29]. For the analysis, we use the spinor 
conventions and the "null" spinor basis of Appendix A in [17]. 

3.1 Integrability of light-cone directions 

To solve the KSEs along the light-cone directions, we set 

e = e + + e_ , T±e± = . (3.3) 
Then after some computation, we find that 

e+ = V+, e_=r]_+ rT_Q + r] + , (3.4) 

and 

V+ = 0+ + «r + 0_0_, r]_=(f)_, (3.5) 

where 

©± = + ± Ti W^ 2 ) , (3-6) 

and 4>± — (j>±{y) do not depend on r or u. 
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Furthermore, the + and — components of the KSE impose the following algebraic 
conditions on the Killing spinors 

Qa - l -dh^ + ±d h Y hhe3 r e ^ 

+ 2(^r - ^X lM T lM + ^Y ei£2 T e ^)& + y + = , (3.7) 

Q Ah t r - i$AP + ( - idfcyi* - l^^^r' 1 ^ 3 ) e + ) 0+ = o , (3.8) 
Qa - idhyr« - ^d h Y eiM3 r^ 

- 26_ ( - ^ + -Lx nin2n3n4 r— 3n 4 + ly Bina r» 1Ba ) ) 0_0_ = , (3.9) 

( - ^P + I^ap + ( - l -dh^ + ld h y W3 rW3) 

( - ^r B + ^x nin2n3n4 r«^^3n 4 + ly nin2 r^)^e_0_ = o , (3.10) 

( - ^ A - + YA dhYh ^ Till2h 
+ 2(-^r» + ^x B1Ba ^r Bi ^^ + iy Blw r* in3 )e_^_ = o. (s.n) 

Since we have separated the light-cone directions from the rest, the remaining KSEs have 
manifest Spin(9) C Spin(10, 1) local gauge invariance. 

3.2 Horizons with one supersymmetry 

3.2.1 Stationary Killing vector field and spinor bilinears 

The associated 1-form of the stationary Killing vector field d u of M-horizon geometries is 

V = e~ - ir 2 Ae+ , (3.12) 

as expressed in the basis (2.2). For backgrounds preserving at least one supersymmetry, 
the spacetime 1-form constructed as a Killing spinor bilinear is identified with 

W = (Be*,T A e) e A . (3.13) 
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For supersymmetric black holes 3 , V = W. To find the conditions implied by this 
identification, we shall use the local Spin(9) gauge invariance of the KSE, after solving 
along the light-cone directions, to choose <fi± and identify W. For this observe that both 
4>± are Majorana Spin(9) spinors. Moreover it is well known that Spin{9) acts transitively 
on the S 15 sphere in the Majorana representation and the isotropy group is Spin{7), ie 
Spin(9) / Spin(7) = S 15 . Using this, one can orient the spinor 0_ along any direction with 
a Spin{9) transformation. As a result, we can choose 

0_ = w(e b + 612345) , (3.14) 

where w is a real function. Next, on comparing the components of W with those of V in 
the basis (2.2), we require that 

W + \ r=0 = 0, (3.15) 

which in turn imposes the condition w — 0. So we conclude that 

0_ = O. (3.16) 

As 4>- = is invariant under Spin(9), the Spin(9) gauge transformations can be used 
again to choose <f> + . In particular, without loss of generality, one can set 

<t> + = g(l + e 1234 ) , (3.17) 

for some real r, w-independent function g. Note then that 

W- = -2y/2g 2 . (3.18) 

As we require that V- = 1, this implies that g is constant. For convenience, we set g — 1, 
so that 

0+ = l + e 123 4. (3.19) 
To proceed, note that as a consequence of (3.4) and (3.5), it follows that 

e = + + rr_C, C = 0+0+- (3.20) 
Next, the condition Wi = implies that 

(0 + ,r,o = o, (3.2i) 

or equivalently 

hi(4>+, <M + \yu(<i> + , rV+> + r/^x^M = o . (3.22) 

The remaining condition imposed by comparing V and W is obtained from V + = W + as 

i(0 + ,0 + )A = 2(C,C). (3.23) 

This concludes the analysis of the conditions which arise from the identification of the 
stationary Killing vector field with that constructed as a Killing spinor bilinear. 



3 The identification of V with W is up to a constant scale chosen at convenience. 
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3.2.2 KSEs along S 

The KSEs along the spatial horizon section S can be written as 

+i_ry^y^ 2 - ly -r^ 0+ = o , (3.24) 

and 

+Qai\ - ^r/^dh eih - ^dh ie r e - ±d h Y tie2t3 r tit * e °r t y )<j> + = o . 

As we shall show (3.25) is not an independent condition. 

3.3 Solution of KSEs 

3.3.1 Preliminaries 

Before we proceed to describe the solution to the KSEs, it is instructive to specify the 
independent ones. Since 0_ = 0, the conditions (3.9) to (3.11) are automatically satisfied. 
Moreover, the conditions (3.7) and (3.8) are implied by (3.24) and (3.25) as well as the 
conditions obtained from the identification V — W in section 3.2.1. In particular, the 
elimination of (3.7) and (3.8) as independent conditions follows without the use of field 
equations and Bianchi identities. The details of this analysis are presented in Appendix 
A. 

Further simplification is possible provided that the field equations and the Bianchi 
identities are used as well. In particular, one can show that (3.25) is implied by (3.24), 
after using the Bianchi identity dX = (2.7), the 3-form gauge potential field equations 
(2.9) and (2.10), and the components of the Einstein equations on S. The details of this 
are presented in Appendix B. 

Furthermore, the H — component of the Einstein equation (2.15) is implied by super- 
symmetry. This component has not been used to rewrite any of the conditions involving 
the Killing spinor. It is straightforward to show that (2.15) is obtained by contracting 
(B.l) with T\ and then using (2.7), (2.9) and (2.10). 

Next, observe that if = <p + satisfies (3.24), then it follows that 

v,(0,0) = ^(0,0) + ^(0,rV> + ^(0,r/^x W3 , 4 0> . (3.26) 

Hence (0, 0) is constant iff 

M0, 0) + rV) + ^(0, r/ lWA I, lW i) = . (3.27) 
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(3.25) 



This condition is identical to (3.22) which has been derived from the identification V = W 
in section 3.2.1. Hence it follows that provided the Bianchi identity (2.7) and bosonic field 
equations (2.9), (2.10) and (2.14) hold, the conditions imposed by supersymmetry reduce 
to (3.24) and (3.23), where ( and the Killing spinor e are given in (3.20). 

We remark that the condition (0,0) = const, which as we have previously observed 
arises from the identification of the Killing vectors V = W in section 3.2.1, can also be 
derived. In particular one can take the divergence of (3.26) and then use (3.24), (2.15) to 
express V % hi in terms of h, Y and X, and (2.10) to rewrite V l Yy in terms of X AX. One 
then obtains the condition 

V t V l (0,0)-2/i l V,(0,0) = O. (3.28) 
On applying the maximum principle, it follows that (0, 0) = const. 

3.3.2 Solution of the linear system 

As we have mentioned there are several ways to choose the independent KSEs to solve. 
Perhaps the most straightforward case is to consider the KSEs (3.24) and (3.25) together 
with + = 1 + e 12 34, which arises from the identification V = W in section 3.2.1, and to 
use the remaining Spin(7) gauge invariance to choose ( in (3.20). This can be done as 
follows. The identification W = V implies that Wi = 0, which in turn can be written as 
(3.21). This implies that ( must be a linear combination of i(l — 61234) and e^, ie ( lies 
in the 7 representation of Spin(7). In such Spin(7) transformation can be used, 

which leaves 1 + ei 2 34 invariant, such that without loss of generality one can set 

C = O+0+ = - e 1234 ) , (3.29) 

for some $ a real function on S. Thus the Killing spinor is 

e = 1 + ei 2 34 + ir$(l - e 1234 ) . (3.30) 

Using the above gauge, the KSEs (3.24) and (3.25) can be expressed as a linear system 
which has been presented in appendix A. The linear system can be solved to express some 
of the fluxes in terms of the geometry and find the conditions on the geometry of S 
imposed by supersymmetry. There are two cases to consider. First suppose that as some 
patch A^0. In such a case, one has from (3.23) that 

A = 4$ 2 . (3.31) 

The solution of the linear system is explicitly given in appendix A. The solution of the 
system for A = is also given in appendix A. In both cases, not all fluxes of the theory 
are determined in terms of the geometry. In particular, the (2,2) and traceless part of X 
is not determined by the KSEs. 

3.3.3 Topology and Geometry of horizon sections 

The spatial horizon section S admits a Spin(7) structure. This is because the paral- 
lel transport equation (3.24) implies that there is a nowhere vanishing spinor 0+ on S. 
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However, this does not impose a topological condition on S as every 9-dimensional spin 
manifold admits a Spin(7) structure. To see this, the structure group of S will reduce 
to Spin(7) iff the the bundle P Xs P in(9) Spin(9) / Spin{7) with fibre Spin(9) / Spin(7) ad- 
mits a section, where P is the principal spin bundle over S. The principal topological 
obstructions for the existence of such sections lie in H k (S, nk-i(Spin(9)/Spin(7))). But 
Spin(9) I Spin{7) = S 15 and so n k (Spin{§) / Spin{7)) = for k < 15. As a result all 
obstructions vanish. 

Observe also that if A ^ everywhere on S, then there is an additional nowhere 
vanishing spinor on S and its structure group reduces to SU(A). Unlike the previous case, 
there are topological obstructions to reducing the structure group of S to SU (4) the first 
lying in H 6 (S,Z). But A ^ is an additional condition and it does not always follow 
from the KSEs. 

The only geometric condition on S linear in the spin connection which follows from the 
solution of the linear system is (A. 36). As has been mentioned in appendix A, there are 
additional conditions on the geometry which however are quadratic in the spin connection 
and as a result resemble integrability conditions. 

Although the linear system associated with the KSEs can be solved and the geometric 
conditions on the horizon section S can be identified, the rather involved form of the 
resulting equations which express the fluxes in terms of the geometry do not yield a 
manageable expression after substitution into the field equations 4 . In addition, the choice 
of gauge we have made leads to a distinguished direction on S. This works well for 
the M- horizons which manifestly exhibit such a direction 5 , like those for example that 
are associated with either IIA or heterotic horizons. Otherwise the existence of such a 
direction breaks the manifest covariance of the horizons and it is a hindrance to construct 
solutions. 

To make further progress, we shall recast the KSEs in a different form using a Dirac 
operator. In this formulation the e" direction is not manifest. We shall also present some 
examples. 

4 Horizon Dirac Equation and a Lichnerowicz Theo- 
rem 

4.1 A horizon Dirac Equation 

Given the gravitino KSE in a supergravity theory which is a parallel transport equation 
for the supercovariant connection, Va£ = 0, one can construct a "supergravity Dirac 
equation" as T A T>Ae = 0. This can be adapted to the near horizon geometries. In 
particular, for the "horizon gravitino KSE" on S (3.24), which for convenience can be 

4 The same applies when one attempts to use the solutions of the KSEs to apply the maximum principle 
on either A or fc 2 . In any case, it is not apparent that all M- horizons have either A or h 2 constant that 
an application of the maximum principle would imply. In fact, we know that there are static horizons 
[21] with h 2 non-constant given by the warped AdS-2 solutions of [32]. 

5 Topologically, there is always such a direction on a 9-dimensional manifold as its Eulcr number 
vanishes. However, geometrically such a direction may not be manifest. 
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written as 



Vi0 + ^0 = O, (4.1) 

where 

= - ^Yt M X iM + Lxa^V^ + y// l£2 Y ilh - , (4.2) 

one can define the associated "horizon Dirac equation" on S as 

rV^ + #0 = O, (4.3) 

where 

* = r% = ~h e r e + ^i (lW3(4 r ,iW ^ + \y M2 y^ . (4.4) 

This Dirac equation, in addition to the Levi-Civita connection, also depends on the fluxes 
of the supergravity theory restricted on the horizon section S. 

4.2 A Lichnerowicz theorem 

The horizon Dirac equation (4.3) can be used to give a new characterization of the Killing 
spinors. Clearly, the gravitino KSE is more restrictive and any solution of the gravitino 
KSE is also a solution of a Dirac equation. In what follows, we shall explore the converse. 
In particular, we shall show that under certain conditions the zero modes of the horizon 
Dirac equation are parallel with respect to the horizon supercovariant derivative (4.1). 

Before proceeding with the analysis of the supergravity case, it is useful to recall the 
Lichnerowicz theorem. On any spin compact manifold N, one can show the equality 

f (PViC, r%-e) = / (V ie ,V l e)+ / f(e,e) , (4.5) 

J N J N J N 4 

where V is the Levi-Civita connection, (•, •) is the Dirac inner product and R is the Ricci 
scalar. Clearly if R > 0, the Dirac operator has no zero modes. Moreover, if it! = 0, 
then the zero modes of the Dirac operator are parallel with respect to the Levi-Civita 
connection. 

This theorem can be generalized for M-horizons with the standard Dirac operator 
replaced with the horizon Dirac operator in (4.3) and the Levi-Civita covariant derivative 
replaced with that of the horizon supercovariant derivative (4.1). For this, let be a 
Majorana Spin(9) spinor and consider 

1 = [ (V 4 + ^0, V> + ¥</>) - [ (PV,0 + *(j>, PV j( f> + ^0) , (4.6) 
Js Js 

where (•, •) is the Dirac inner product of Spin(9) which in turn is identified with the 
standard Hermitian inner product on A*(C 4 ). Observe that (•, •) is positive definite and 
under this inner product the Spin(9) gamma matrices are Hermitian. 
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We assume that S is compact and without boundary, and that is globally well-defined 
and smooth on S. Then, on integrating by parts, one can rewrite 

X = J ((f), - ¥)V i( /> + - + 

+ (r*Vi* - (v%))0 + (r* - *r)Vi0) . (4.7) 

Next, evaluating the RHS of the above equation using the Bianchi identity of X (2.7), the 
field equation of the 4-form field strength (2.9) and (2.10), the Einstein equations along 
S (2.14) and taking (0,0) = const 6 , one finds that 

x = Re (J (4, (\h t r* - -Lx^^w* + Iy^ 2 r^)(rv i + *0))) . (4.8) 

Further details of this computation are given in Appendix C. On comparing (4.8) with 
(4.6), one immediately finds that if is a solution of the horizon Dirac equation, then 
is a solution of the horizon gravitino KSE (4.1). 

Clearly, the above theorem gives a different characterization of supersymmetric hori- 
zons. In particular, if one assumes the Bianchi identity for X (2.7), the 4-form field 
equations (2.9) and (2.10), and the Einstein equations along S (2.14) are satisfied, then 
the remaining conditions imposed by supersymmetry and the identification V = W in 
section 3.2.1 are (3.23) and the Dirac equation (4.3) with 0=1 + e 12 34. Thus under these 
conditions the horizon KSE (4.1) can be replaced by the horizon Dirac equation. We 
remark that the only condition involving A is (3.23), which therefore defines A in terms 
of the other near-horizon data. 

4.3 Solution of horizon Dirac Equation 

As we have demonstrated in the previous section instead of solving the KSEs, it suffices 
to solve the the condition (3.23) and the Dirac equation (4.3) for = l + ei234. The spinor 
= 1 + ei 2 34 defines a Spin(7) structure on S with Spin(7) fundamental forms 

e tt , ^ = ^ + jt)-jwAw, (4.9) 

where x is a (4, 0) form, and u is an (almost) Hermitian form, see (A. 3). Spin(7) acts with 
the 1©8 representation on the typical fibre of TS, and is along the trivial representation 
while -0 is the fundamental Spin{7) form in the eight directions transverse to e". 

The solution of the linear system obtained from (4.3) with = l + ei 2 34 can be written 

as 

ft = « e ,Z + ^-* 9 (lA^)-^ 9 (li 9 e«)e» , (4.10) 

6 This imposes a condition on the spinors which is not usual in the context of a Lichnerowicz theorem. 
However, it can be shown that from the KSEs side it always holds irrespective of the identification of 
V = W. Alternatively, the (<j>, <j)} = const condition from the Dirac side can be removed provided one in 
addition imposes W l hi = on the geometry. 
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and 
where 

Z = F-rfe s , ^ = *g(^ A* 9 #) , (4-12) 

ie 6^ is the Lee form of ip. In addition we have used that if B e A 4 (5) is a 4- form, then 
^5 G A 2 (5) with 

= B ei£2 e 3] iip eie2e3 j] , (4.13) 

and that the superscript 7 denotes a projection on the 7-dimensional irreducible repre- 
sentation of Spin(7) in the directions orthogonal to eK 

It is clear that the solution of the horizon Dirac equation can be cast in a more 
compact form than the solution to the KSEs. However now the field equations have a 
more significant role in the construction of solutions. Nevertheless even though the field 
equations are second order, when they are restricted on the near horizon geometries they 
take a rather manageable form, which we shall use to construct solutions. 



5 Solutions 

5.1 Maximum principle 

In many supergravity theories, the field equations for near horizon geometries are solved 
using the maximum principle on either A or /i 2 . As a consequence, the horizons have either 
A or h 2 constant. As we have already mentioned, it is known that there are M- horizons 
for which h 2 is not constant. Nevertheless, it is instructive to seek conditions such that 
the maximum principle applies to either of the two scalars. To make the application of 
the maximum principle tangible on A or h 2 , one has to construct a second order operator 
acting on these two functions on S. A direct application of the field equations of the 
theory reveals that 

V 2 A = 3h%A + 2A 2 - Ah 2 - -AY 2 - ^AX 2 - \dhf + \d h Y) 2 , (5.14) 

3 T 2 2 6 

and 

V 2 h 2 = 2V (i h j) V {i h j) + ^(dh) 2 + AAh 2 + tiVih 2 + (h 2 ) 2 

~ \tiX ijlj2j3 d h Y»™ + h'd h Y nJ X^ - h l Y lk h% k + X -WX lklk2kz WX,^ 

+ h 2 ( X -Y 2 - lx 2 ) - H/i'ViY 2 - . (5.15) 

Observe that the signs of the various terms are indefinite and as a result the maximum 
principle does not apply. In what follows, we shall make some simplifying assumptions, 
and together with the solutions of the KSEs we shall bring the above equations into a 
form which the maximum principle can be applied to. 
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5.2 Magnetic solutions 
5.2.1 The geometry of S 

For magnetic solutions, Y — 0. In addition, let us take V l hi = 0. The field equation 
(2.15) implies that 

2A + h 2 - ^-X 2 = . (5.16) 
72 v ' 

Substituting this into (5.14), one finds 

-V 2 A - -h l V t A = -Ah 2 - dh ij( ih ij . (5.17) 

Integrating both sides of this equation over S the contribution from the LHS vanishes. 
As A > 0, see (3.23), this implies that both terms on the RHS must also vanish, ie 

dh = (5.18) 

and 

Ah = 0. (5.19) 

For the latter condition, there are two possibilities. If h — then (2.17) implies that A is 
constant. However, we shall concentrate on the second case 7 , for which A = 0. 
Next turning to (5.15), one finds that 

VV + 2h i V l h 2 = 2V ( W ) V (i /i j) + ^tiXit^tiXW* . (5.20) 

An application of the maximum principle implies that h 2 is constant and both terms on 
the RHS must vanish. Hence, we find that h is covariantly constant on S 

Vihj = . (5.21) 

We take h 2 ^ 0, as if h = then (2.15) implies X = and so F = 0. In addition, we find 
the condition 

i h X = 0, (5.22) 

which together with the Bianchi identity (2.7) implies that 

C h X = . (5.23) 

The necessary and sufficient conditions imposed by supersymmetry are obtained from 
considering the Dirac equation as described in the previous section. In this case, (3.23) 
with A = implies the algebraic condition 

h e r e + ^Xw^r* Wl ) = o, (5.24) 



7 Observe that if A = 0, then (5.14) is automatically satisfied without other assumptions as a conse- 
quence of (A. 25). 



14 



and the Dirac equation then simplifies to 

rv^ - ^r> = o . (5.25) 

Thus can be thought of as a spinor coupled to a magnetic gauge potential h. 

We remark that these conditions are also sufficient to imply the Einstein equations 
(2.14), provided that the condition imposed on the Ricci scalar by (2.14) is given. To see 
this, note that the reasoning used to prove the Lichnerowicz identity set out in Appendix 
C only makes use of the expression for the Ricci scalar, and hence it follows that the 
above conditions are sufficient to imply equation (B.3). Then, on substituting the above 
conditions into (B.3), one obtains the Einstein equations (2.14). 

For the near horizon Dirac equation to imply the horizon KSE, one has also to impose 
the condition (0, 0) = const. However in this case, it is not necessary as V l hi = and the 
partial integration argument used to prove the Lichnerowicz identity in appendix C goes 
through without this condition. Nevertheless, one can show that (0, 0) = const. To see 
this, observe that the near horizon Dirac equation (5.25) implies the near horizon KSE 
(3.24), and after simplifying the latter using (5.24), we get 

v,0 + (ir,% + lx, W3 r^)0 = o . (5.26) 

This in turn gives 

V l (0,0) = O, (5.27) 
and hence, (0, 0) = const. Furthermore on contracting (5.26) with h, one obtains 

^Vi0 = . (5.28) 

Let us summarize the results so far. It is clear that S is locally a product S = S 1 x M 8 , 
where S 1 is along the h direction and M 8 is a compact 8-dimensional manifold. Moreover, 
(5.22) and (5.23) imply that X is a 4-form on M 8 . In addition, since does not depend 
of the coordinate of S 1 , all the KSEs and the field equations reduce to equations on M 8 . 

Furthermore adapting a local co-ordinate x such that h = dx, one finds that the 
11-dimensional spacetime metric is 

ds 2 = ds 2 3 + ds 2 (M 8 ) , (5.29) 

where 

dx 2 

dsl = 2du(dr + rdx) + — , (5.30) 

m 2 

is the metric on AdS%, with scalar curvature RAdS 3 — —^f-, and m is the inverse radius 
of S 1 . The spacetime is a direct product AdS 3 x M 8 . 
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5.2.2 Field and KSEs on M 



We have shown that locally S = S 1 x M 8 and that the metric can be locally written as 

ds 2 (S) = (e 9 ) 2 + ds 2 (M 8 ) , e 9 = — . (5.31) 

m 

Thus h = me 9 and dvol(«S) = e 9 A dvol(M 8 ) 

Since the flux X is a 4-form on M 8 it can be decomposed into self-dual and anti-self 
dual parts as X = X + + X~. We also decompose the spinor as <fi = <p + + <p~ using 
the projection 8 T 9 ^ = ±(f) ± . This can be identified with the decomposition of Majorana 
spinors of Spin(8) into chiral and anti-chiral Majorana- Weyl spinors. 

The conditions that we have found on S imposed by the field and KSEs can now be 
re-expressed as conditions on M 8 . In particular, the field equations and Bianchi identities 
reduce to 

dX ± = 0, 2 (X ± ) AlAaA3 A 4 (X ± ) AlA * A * A *=3Gm?, 

R% = -^9AB + ^X ANM X B N ^ , 7^= 2m 2 , (5.32) 

where R^b and is the Ricci tensor 9 and scalar of M 8 , respectively. The necessary 
and sufficient conditions for supersymmetry are 

^(X* W 2 W^ 2 ^ 4 ^ ± = , (5.33) 

and 

r A V A ± ± m<f) T = . (5.34) 
Moreover the gravitino equation (3.24) can be written on M§ 

— 771 I 

Va^ T jT a ^ + -X ANlN2N3 T N ^^ = . (5.35) 

We have shown that not all conditions in (5.32), (5.33) and (5.34) and (5.35) are inde- 
pendent but it is convenient for the analysis that follows to state them explicitly. 

5.2.3 Topology of M 8 

As we have mentioned the existence of a parallel spinor on S would imply that S admits 
a nowhere vanishing spinor. This does not impose a priori a topological restriction on S 
as all 9-dimensional manifold admit such spinors. 

Next let us turn to investigate this question for M 8 . The relevant parallel transport 
equation is (5.35). Again, the existence of a parallel, and so nowhere vanishing, spinor 

8 Note that here ± appear as superscripts on spinors, in contrast to subscript ± elsewhere, which 
denote chirality with respect to Throughout this section, all spinors (f> satisfy r_| <f> = <f>. 

9 Throughout this section, A, B = 1,...8 are indices of M 8 and should not be confused with the 
spacetime indices in section 2. 
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4> = <fi + + 0~ does not impose a priori a topological restriction on M 8 as the rank of 
the spinor bundle is 16 much larger than the dimension of M 8 . However, this conclusion 
holds provided that both components ± of do not vanish. In fact, they are allowed to 
vanish at subsets of M 8 but they cannot vanish everywhere. To see this, suppose that 0" 
vanishes everywhere. In such a case 

V A (j) + = (5.36) 

and so M 8 is a holonomy Spin(7) manifold, ie hol(V) C Spin(7). In particular, it will be 
Ricci flat and so the field equations (5.32) cannot be satisfied with m^O. 

The existence of a non- vanishing Majorana-Weyl spinor on a 8-dimensional manifold 
imposes a topological restriction, see [31]. In particular, it is required that 

±e - \P2 + \p\ = , (5.37) 

where e is the Euler class and P2 and p\ are the Pontryagin classes, and the sign depends 
on the chirality of the non-vanishing spinor. We shall explicitly show that this condition 
is not satisfied for an example we shall present below. 



5.2.4 Geometry of M 8 

In order to evaluate the conditions imposed on the geometry of M 8 , note that (5.35) 
implies that 

Va/ 2 = y(0 + ,r A 0-> + ^X ANM (rJ NlN2N ^ + ) , (5.38) 
and on taking the divergence, one obtains 

V 2 / 2 = m 2 (l-2/ 2 ) , (5.39) 

where we have set f 2 = <p + ) and have adopted the convention + 0~) = 1. 

Again, from this equation, we note that / = and / = 1 are not solutions, ie , there are 
no solutions for which either + or $r vanish identically as has been previously observed. 
To proceed further, define the (real) 1-form spinor bilinear £ by 

£ A = (0-,r A + ) , (5-40) 
and it will be convenient to note the identities 

i A V A <j> ± = {<j> ± ,<j> ± )<^ , (5.41) 

and 

e = f(l - f) • (5.42) 
Next, we use (5.35) to take the covariant derivative of £, to obtain 

VaZb = -j(2f 2 - 1)5 AB + ^X ANlN2Na {(<p\T N ^ B ^) + (<T,r^%0->).(5.43) 
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Furthermore, note that (5.33) implies that 

x^^r^^V = -I r /^»*V T 18mrA0 ± > (5 . 44) 

which in turn implies that 

X iYl ^ J v 3[A (0 ± , 1^%^) = . (5.45) 

On substituting this condition back into (5.43) one finds that 

d£ = . (5.46) 

Further useful identities can be obtained by multiplying (5.33) with (0 T ,0 T ) and using 
(5.41) to obtain 

^x NlNM r N ^ N ^ B r B ^ ± m(<p, <F)<f = o . (5.47) 

On comparing this expression with that obtained by acting on (5.33) with £ b Tb, one finds 
(i^X)^^^^ = T 18m(0 ± , 0^ . (5.48) 

In addition, on replacing X with *gX and making the appropriate sign changes, using the 
same reasoning one finds 

(i ( * s X) NlN2N3 T N ^ N ^ + = . (5.49) 

Using these identities, on contracting (5.43) with £ B , and making use of the closure of 
£, and (5.42), the condition 



(2f'-l)\mt + df 2 ) = 0. (5.50) 

On taking the norm of this expression one finds 

(2/ 2 - l?{V A fV A f - m 2 / 2 (l - f)) = • (5.51) 

We remark however that f 2 = \ is not a solution, to see this, contract (5.38) with £ A to 
obtain 

£ A Va/ 2 = -mf(l - f) . (5.52) 

Additional geometric conditions are obtained by defining the (real) 4-form spinor bi- 
linear 

( Pa 1 a 2 a 3 a 4 = (<j) + ,T AlA2A3A4 (f) + ) . (5.53) 

Using (5.35) and (5.33) one finds that 

_ 7 3 

V tpNNiN 2 N 3 = — 2 m (0 ? r A r lA r 2A r 3 + ) — -(^X)jv lA r 2A r 3 

I ^ I A— v , r M l M 2 M 3 i + \ 

4^ ' A MiM 2 M 3 [AfiJ- N 2 N 3 ] <P ) 

3 

~~ 2^ ■>X Mi M2[n 1 n 2 F n 3 ] 1 2 ) • (5.54) 
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The final two terms in this expression may be simplified further by noting that 

MM ^ 

(0 , Xm 1 m 2 In 1 n 2 ^n 3 } 1 2 ) = - (*£ *8 X) NlN2Ns , (5.55) 

and 

X MlM2M3 [ A r i r Af2A r 3 ] MlM2M3 + ) = 6m(0", rAr lA r 2A r 3 + ) + 2(i(X) NlNa N 3 , (5.56) 

where these conditions follow from (5.33) on evaluating 

((f) ,XM 1 M 2 M i M 4 ^ MlM2MzM4 '^N 1 N2N 3 <P + ) , (5.57) 

and also 

(0 j r 'n!N 2 N 3 X M 1 M 2 M: } M 4 F MlM2MiM4 ! + ) , (5.58) 

and taking the sum and difference of the resulting equations. On substituting (5.55) and 
(5.56) into (5.54), it follows that 

^ N( PnniN 2 n 3 = —2m((f) , T NlN2Ns (f) + ) — 2(i^X + ) NlN2Ns . (5.59) 

It then follows from (5.59) that 

f A dip = . (5.60) 

In addition, using the identity 

(0", r NlNaN3 </> + )<p*™ M = -42(0 + , 0+>£4 , (5.61) 

together with (5.48) and (5.49) it follows that 

* 8 (<£A*8#) = Urn ft , (5.62) 

which relates the Lee form of <p to ^. 

To summarize, the conditions on the geometry of Mg are given by (5.39), (5.46), (5.50), 
(5.51), (5.52), (5.60) and (5.62). We remark that if we assume that all spinor bilinears are 
analytic on M 8 , then (5.46) and (5.52) are implied by the other conditions on the geometry 
of Mg. The Killing spinor equations also determine a number of the components of X in 
terms of the geometry. These can be found in appendix D together with a description of 
the conditions on the geometry. 

5.2.5 An example 

To construct an explicit example, we take M 8 = S 2 x M 6 , where M 6 is a compact Kahler 
6-manifold. Next suppose that oj\ and cu 2 are the Kahler forms of S 2 and M 6 , respectively. 
Define 

X ± = —(u 1 Acu 2 ±-u 2 Auj 2 ) . (5.63) 
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It is clear that X ± are closed, and that the second algebraic condition in (5.32) is also 
satisfied. 

Furthermore to solve the conditions on the spinors ± given in (5.33), we write the 
spinors ± as 

0+ = v (++) + v (— ) ? 0- = ^(+-) + ?7 (-+) ) (5. 6 4) 

and restrict them as follows 

^(u 1 ) ab T ab r ] ^ = ±i V ^ , ^(ou 2 ) rs r rs r)^ = ±3^ , (5.65) 

where we have decomposed the indices A = (a, r) according to the product M 8 = S 2 x M 6 
and ex = ±. Observe the Clifford algebra element associated with u 2 has eigenvalues ±3i, 
where the sign depends on the 6-dimensional chirality of the spinor. So the restriction on 
the spinors ± is that they should lie on the eigenspaces with ±3i eigenvalues. To do this, 
we have complexified the spinors to solve the eigenvalue problem but at the end since we 
are considering products of projections the resulting eigenspaces are real. 

Taking X ± as in (5.33) and spinors satisfying the projection (5.65), one can show that 
the KSEs can be solved using 

(w 2 A tu 2 ) Al A 2 A 3 A 4 T AM:iM V = -14477 , K A oj 2 ) AlA2A . iA4 T MAM ± V = T 72a V ,(5.66) 

where a is the sign of the projection associated with oj\. 

Next, consider the Einstein equations (5.32). One finds that with the choice of X ± 
as in (5.33), B$ = 0, which in turn implies that M 6 must be a Calabi-Yau manifold. 
Furthermore the Ricci scalar of the S 2 must be = 2m 2 , and so S 2 is the round 2- 
sphere. Hence this solution is AdSs x S 2 x CY 6 , which corresponds to the uplift of the 
D = 5 magnetic black ring near horizon geometry to 11 dimensions. 

Let us now investigate the obstruction to the existence of a Spin(7) structure (5.37) 
on M 8 = S 2 x CY 6 which arises in the example above. If the obstruction does not 
vanish, it will exclude all Spin(7) structures on M 8 and not only the holonomy Spin(7) 
structure. For all product manifolds M 2 x M 6 , the Pontryagin classes pi and p 2 vanish. 
Therefore the obstruction to the existence of a Spin(7) structure is the Euler number 
which for the example above is e(M 8 ) = e(S' 2 )e(CY 6 ) = 2e(CY 6 ). So if the Euler number 
of the Calabi-Yau manifold does not vanish, then M 8 cannot admit a Spin(7) structure 
as expected. 

6 Relation to heterotic horizons 

As another example, we shall demonstrate the heterotic horizons [20] are included in 
M-horizons. For this, we shall use the well known compactification ansatz 

ds 2 {u) = e^dx 2 + e~^ds 2 m , F = dx A H , (6.1) 

and identify the e$ direction of Appendix A with e tt = — e^dx, where $ is the dilaton. 
In addition, the heterotic horizon geometries can be written as 

ds 2 (w) = 2e + e- + ds 2 {8) , H = d(e~ A e + ) + H {8) , dH (8) = , (6.2) 
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where 



e + = du , e = ds + sh(s) , (6.3) 

(ds/L, if(8)) is the metric and 3-form torsion of the spatial horizon section 5 8 , and the 

dilaton $ is a function of S 8 . If the heterotic horizons preserve at least one supersymmetry 
[20], then 

dh {8) e spin(7) , 2dk> + h {8) = 9^ , hol(V (8) ) C Spin(7) , (6.4) 

where 9^ is the Lee form of the fundamental Spin(7) form ip and V( 8 ) is the connection 
with skew-symmetric torsion on the S 8 . The first two conditions are consequences of 
the dilatino KSE while the last is implied by the gravitino KSE. To embed the heterotic 
horizons into M-horizons using (6.1), we have to recover the above conditions from the 
supersymmetry conditions derived for M-horizons in appendix A. 

First substituting (6.2) into (6.1), we demonstrate that the lifting of a heterotic horizon 
to 11 dimensions is an M- horizon. Beginning with the metric and after a straightforward 
calculation, one finds that the lifted heterotic horizon is an M-horizon with 

r = e -|* s , h = h {8) + e -§*dei* , A = . (6.5) 

Similarly, the 3-form flux of the heterotic horizons lifts to a 4-form flux of M-horizons 
with 

y = -e tt A/i (8) , X = -e-'^e* A H {8) . (6.6) 

It remains to prove that the supersymmetry conditions of the heterotic horizons (6.4) 
solve the conditions of M-horizons stated in appendix A for A = 0. 

It is clear from the form of the flux F associated with these M-horizons that the 
relevant conditions are (A. 38), (A.27), (A.28), (A.42) and (A.43). All the other rest of 
conditions are automatically satisfied. First observe that 

dh = dh( 8 ) , (6.7) 

and indeed the condition (A. 25) in Appendix A implies that dh G spin(7). Thus the first 
condition in (6.4) is compatible with that in Appendix A. 

The second condition in (6.4) is equivalent to (A.28). This can be verified by a 
straightforward computation. Observe that the vanishing of h$ is compatible with (A.27) 
as the direction e" is generated by an isometry. 

It remains to demonstrate that the last equation in (6.4) are also equivalent to the 
conditions (A.42) and (A.43) stated in appendix A. For this suffices to show that the 
gravitino KSE of M-theory for the backgrounds given in (6.1), (6.5) and (6.6) reduce to 
that of heterotic supergravity. In both cases, the gravitino KSEs have been evaluated on 
the same spinor = 1 + ei234- To prove this, first act with a gamma matrix on 0+0 = 0, 
as A = 0, to find 

(hi + Yih 3 + lx £l ..., 4 r/ 1 - £4 + ±X Uli2e3 r e ^ + l -Y^ 2 T^ + 2 -Y t] V)<p = , (6.8) 
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where k = 1,...8 are indices of the heterotic horizons section S 8 . Using this, the 
parallel transport equation on the horizon section (4.1) can be simplified as 

V4 + + ^X ieie2e3 r e ^ + ^r^YuJt = . (6.9) 

Evaluating this on the background (6.1), (6.5) and (6.6) and along the i = (a, a) direc- 
tions, we find that 

(V (8)i -^- fc F fc )0 = O, (6.10) 

where now the frame components of the H flux has been computed in terms of the frame 
of the 10-dimensional metric and k are frame indices of the heterotic horizon section 
S 8 . The resulting expression is the gravitino KSE of the heterotic horizons. As a result 
all heterotic horizons can be lifted to M-theory horizons. The 9-dimensional sections of 
M- horizons are warped products, S 9 = S 1 x w S 8 , 

ds 2 (S 9 ) = el*dx 2 + e-^ds 2 (S 8 ) , (6.11) 

and the warp factors are related to the dilaton. 

We have shown that all heterotic horizons are special cases of M-horizons. One of 
the key properties of the heterotic horizons is that exhibit supersymmetry enhancement. 
In particular, if ^ 0, then the heterotic horizons preserve at least two supersymme- 
tries. This class of backgrounds also exhibits supersymmetry enhancement in M-theory. 
However, it is not apparent that all M-horizons preserve at least two supersymmetries. 

7 Concluding Remarks 

We have identified the geometry of M-horizons that preserve at least one supersymme- 
try. The horizon sections are 9-dimensional manifolds with a Spin(7) structure which is 
appropriately geometrically restricted. The full solution of the KSEs and the geometric 
conditions are presented in appendix A. We have also proved, using the field equations, a 
Lichnerowicz type of theorem for horizon sections. In particular, we have shown that the 
zero modes of an appropriate Dirac equation which couples to the 4-form fluxes are paral- 
lel with respect to the supercovariant connection as restricted to a horizon section. This 
gives an alternative characterization of the solution to the KSEs which is advantageous 
for the investigation of some examples. We have also shown that the heterotic horizons 
can be lifted to M-horizons. 

Although the KSE for M-horizons can be solved for one Killing spinor and the geometry 
of the solutions can be identified, the understanding of these backgrounds is less complete 
than those of other supergravity theories, such as Af = 1 theories in 4 and 5 dimensions, 
(1, 0) 6-dimensional supergravity and heterotic theories. There are several obstacles to 
this. The first obstacle is our limited understanding of the supersymmetric solutions of 
11-dimensional supergravity preserving any number of supersymmetries. This is a well 
known problem and apart from the solution of the KSEs for one Killing spinor, and the 
classification of backgrounds with more than 29 Killing spinors [33, 34, 35], no other 
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general results are available, see also [36]. The second obstacle is to find a general method 
to solve the field equations which are not implied by the KSEs. This is typically done by 
applying the maximum principle on a scalar constructed from the data of the problem 
and utilizing the compactness of the horizon section. The scalars that are typically used 
for this are either A or h 2 that appear in the metric (2.1). However, we know that 
for general M-horizons one cannot formulate a maximum principle for h 2 as there are 
examples for which h 2 is not a constant. For A the status of the maximum principle 
is less clear. We give the equations, which are derived from the field equations, that 
restrict A and h 2 and could be suitable for an application of the maximum principle. But 
as expected the various terms that enter have an indefinite sign and so the maximum 
principle cannot apply unless additional restrictions are imposed on the fields by hand. 
Perhaps this problem of applying the maximum principle can be resolved for M-horizons 
preserving sufficiently large number of supersymmetries. 

A related problem for M-horizons is supersymmetry enhancement. For many horizons 
that preserve one supersymmetry one can show, using the compactness of the horizon 
sections and an application of the maximum principle, that the solution exhibits su- 
persymmetry enhancement. For example heterotic horizons with no n- vanishing rotation 
preserve 2,4,6,8 and 16 supersymmetries. For M-horizons, it is not apparent that such an 
enhancement takes place. Again, the role played by the maximum principle in supersym- 
metry enhancement is expected to be particularly important. 

Despite these issues, significant progress has been made in the identification of M- 
horizon geometries. It is clear that the geometry of M-horizons preserving more than one 
supersymmetry is a special case of that which we have found for horizons preserving one 
supersymmetry. In addition, the Lichnerowicz type of techniques we have introduced give 
a new insight into the topology and geometry of the horizon sections, and lead to a gener- 
alization of the Lichnerowicz theorem. This technique can be applied to similar problems 
in other supergravity theories and may lead to a better understanding of supergravity 
backgrounds. 
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Appendix A Solution of Linear System 
A.l Conventions and Spinor bi-linears 

The choice of the spacetime frame and our spinor conventions are as those in [17]. In 
particular, the eleven-dimensional volume form is chosen as 

rfvol = e 0512346789B . (A.l) 

In terms of the complex frame basis e a = ^(e a + ie a+5 ), a = 1,2,3,4, adapted to the 
realization of spinors as multi-forms, we have 

dvo\ = e+- A e 11 A e 25 A e 33 A e 43 A e" , (A.2) 

where the spacetime indices decompose as A = (+, — ,i) and i = (Jt, a, a). The volume 
form can also be expressed in terms of the (almost) Hermitian form u and the (4,0)-form 

X, 

^ = -i/A/, X = 4e 1234 , (A.3) 

respectively, as 

dvol = — e + Ae~ AwAwAwAwAe' = — e + A e~ A y A y A e" . (A.4) 

24 16 v ' 

A direct computation reveals that the form bilinears of the Killing spinor e in (3.30) 
up to an overall numerical normalization are as follows. The 1-form bilinear is 

V = e~ - ^Ar 2 e+ . (A.5) 



The 2-form bilinear is 



a = 2(e~ + ^r 2 Ae+) A e tt - 4r$w (A.6) 

and the 5-form bilinear is 

a = -{(e~ + -Ar 2 e + + 2ir$e tt ) A \ + c.c.} + (e~ - -Ar 2 e + ) AwAw. (A.7) 

A.2 Linear system 

Suppose that we choose the gauge ( = 0+0+ = — 61234), see (3.29). Then the linear 
system obtained from (3.24), (3.25) and (3.29) is 

-\n a / + \k - l -x^J + = , (A.8) 

Q — Y ^ — Y - - - ,r^l^2A3 1 \_-y —V- - ^^1^2 _ n ( \ Q\ 

* L H1,W2 r) Ml/^A R ^ V Ml A 1^2A3 t M2 ' r> 1 M1M2 r ) - , AiA 2 t u > K^-^J 
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(A.10) 



-n Ma + ^ aA A + l -Y Pa + ( _ 1^ + + = o , (A. ii) 



5\a A - V A A + 2*$ = O , (A. 12) 



%« + \k - \x iaX x - ±x fXl - X2 - X: /^ a = o , (A.13) 



l I - - I 1 x ; 

2^S.A t iM2 - ^tt,AiA 2 e 1 2 MiM2 ~ 4^iM2 + g^AiA 2 e * Vm2 = > (A-14) 



-fy + 2 -Y x x + V + ^ 1WW 6 WWW - 4*$ = , (A.15) 



^ + - t^ q a A - Ix flAlA2A3 6 AlA2A3 a = , (A.16) 



oy V- - ^1-^2 V CT —Y a - - ^1-^2 n f A 1 7"\ 

Z '-'MlM2 "'AiA 2 t M1M2 ^-cr M1M2 2 A i A 2 C M1M2 — u ? V' rl --- L 'y' 



_,V a $ + ^ Q - ^$X flaA A - lt%, + ^^^^^^.ya = o , (A.18) 

-^X BaA A - - ^4^a A + ^«' iy3 4^A 2 A 3 = , (A.19) 

-*$F AlA2 e AlA V M2 - iSX^ - <% lM2 

+ ^^A 1 A 2 e AlA2 W M2 + ^ AlA2 e AlA2 ^ 2 = , (A.20) 

i - - i - 

_ ^^/3,miM2 + ^^^t)/9AiA 2 e 1 2 miM2 _ gdhf X e 

+^ d^/A^iw + g^W^W = , (A.21) 

*$x^ A A - Id fc y^ a + |d^ a + ( - \dh x x - id fc V) <V = » ( A - 22 ) 
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,V B $ - Isfy + i^ A A - l -d h Y^ x = , (A.23) 

% 1 1 

-i$% 1/12 + -$Y^ 2 + gdVw ~ y^A^e^ 2 ^ 

+ ^^^Aa^^Viw = • (A.24) 

The above conditions have been expressed in representations of the 5(4) subgroup of 
Spin(7). Investigating these conditions, one can show that the algebraic conditions (3.7) 
and (3.8) hold automatically, as a consequence of (3.24), (3.25) and (3.20). 

A. 3 Solution for A ^ 

Suppose that A ^ and so $ ^ at some patch. Under this assumption, the linear system 
can be solved to express some of the fluxes in terms of the geometry and determine the 
conditions on the geometry imposed by supersymmetry. In particular, the conditions 
(A.8)-(A.24) can be solved as 

Y = -4e s - 2$w , (A.25) 

where u is given in (A. 3), and 

$ = -^(^,a A + ^V-^a/) , (A.26) 

fy = -^V + ^/) > (a.27) 

K = -l^XM/^a + ^X,\ ~ ^ a ,X X + ^y a . (A.28) 

Also, $ is given as 

d a <$> = $( - ^n WX2 - X: /^ a + |n s> x a + ^n a , x x - l^ua) + \dH> > ( A - 29 ) 
<9„$ = - l -<$>{n x AX + n x / + x A V) + l -dh x x . (A.30) 

The 4-form X can be expressed 

^axa 2 a 3 = ( - <W + - 2 ^m,«m + - VKwa (A-31) 

^/3aA A + -^X X X a a Sp a = + ~ 4 + ^a/)^ , (A.32) 
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ffy/ + + + \x x \* + ^X XlX2X3X4 e x ^^ = , (A.33) 



2 

^t)AiA 2 A 3 = -2^[Ai,A 2 A 3 ] + q ( ~ ^A, a + ^a,\ ~ ^y<r) e °Ai A 2 A 3 , (A. 34) 



+ ^ - t^a, V + ^[ai,|A| A + j^y^ <W • ( A -35) 
The linear system also imposes the following condition on the geometry 

^[miJSIH - ^tt,MiM2 _ 2^ Sl '^ 2 ~ ^t)^i^) eCTlCT2 MiM2 = • (A.36) 

This is the only constraint on the geometry of S directly implied from the solution of 
the KSEs in the (3.29) gauge. One can derive additional conditions after substituting the 
expressions of $ and h in terms of the geometry into (A. 29) and (A. 30). Such conditions 
are quadratic in the spin connection and are reminiscent of integrability conditions. 

A.4 Solution for A = 

Let us now turn to the A = $ = case. The solution to the linear system is 

Y = -4e» , (A.37) 
and h is given as in (A. 27) and (A. 28). Moreover, 

dh ia = dh x x = , dh aia2 - -e ai a 2 ^ 2 dh^ 2 = . (A.38) 
The 4-form X can be expressed 

^(Mi|AiA 2 A 3 l eAlA2A % 2 ) = 6J Vi,ltlM , 

y A _|_ }^V_ _ A ,p,ip2 AC) 00 _ _ ^1^2 ( A QQ"\ 

yv ai» 2 A ~r ^ H1V2X fc ai«2 ^ s '[ai,|B|a 2 ] zi , I tt| A*2] fc «i«2 J y±\.Oif) 



x 0aX x + -x x x /5- Pa = n Ma + n a>ft5 - ](n x :ix + n x /)s 0a , (A.40) 



--^V + -Q x / + -X A V + -X XlX2X:iXi e x ^ x * = , (A.41) 



2 

^AiA 2 A 3 = -2fi[Ai,A 2 A 3 ] + g ( - ^A, a + ^&,X ~ %tl<0 ^AiAaAs > (A.42) 
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+ ( - V + ^%i,|A| A + j^Wfa) <W • (A.43) 

The linear system also imposes the following conditions on the geometry 

^,a A + ^V-^a/ = 0. (A.44) 
This concludes the analysis of the linear system. 

Appendix B Analysis of Integrability Conditions 

In this Appendix we present the proof that (3.25) is implied by (3.24) and (3.20), together 
with (2.7), the 4-form field equations (2.9) and (2.10), and the components of the Einstein 
equations on S. 

First, use (3.20) to eliminate the ( from (3.25), and then use (3.24) to eliminate the 
supercovariant derivative of 1 + ei 234 . Then (3.25) is equivalent to 

1 -{i h x) hhh Y^ + hi h x) iili2 r^ - \hihjY* 



144 v 1X1 6 24 v ' 1 2 8 

I 1 p tit 2 t z iii 6 t 6 t 7 i s v Y ' Y Y 1 

41472 ' A ^l<W4 A 44<^8 _ ^ A <l<2<3<4 A i4^<7 1 

-^^mn^ 2 A ^^1 j + 864 ^ 4 ^ m 144 ^i^2 A « 3 m.nJ- 



^-Y M2 X M T^^ + + ^X^ m lWV lWl ) (1 + ei234) = . 

(B.l) 



Next consider (3.24). Note that 

Ip(V,V 4 - ViVj-Xl + e 1234 ) = + e 1234 ) , (B.2) 

where denotes the Ricci tensor of S. Hence, on using (3.24) to evaluate the LHS of 
the above expression in terms of the fluxes h, X, Y and their covariant derivatives, we 
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obtain the following condition 

+I/ l[ .y^ 2] r^ + l(4X)^ 2 r^ 2 

1 1 



57g ll*2"»WI*3*4 1 ^4:4:' 



1728 r <i<2 A < 3 « 5 4 ~ ^ r fi<2 A « 3 «4% i ~ 432 1 

1 1 1 

108 ^l^ 1 _ 144 A m«^l^2 i « 48 Amnrfi 

+ly tfl y la< ,r*«*» + ly^y^r* - ^y/r') (1 + e 1234 ) = o . 

(B.3) 

We remark that in order to obtain (B.3) we have made use of the 4-form field equations 
(2.9) and (2.10) to eliminate divergence terms in Y and X in favour of terms quadratic 
in the fluxes h,Y,X. Furthermore, the terms involving Hodge duals on the RHS of (2.9) 
and (2.10) have further been rewritten using the duality between r ii - lk and r- 7 ' 1 ""- 7 ' 9 -* when 
acting on the spinor 1 + ei 234 . The closure condition dX = has also been used in order 
to simplify some covariant derivatives acting on X. 

It remains to compare (B.l) and (B.3). Observe that the terms linear in VX, VF, 
and the quadratic terms of type hX, hY, XY match. For the remaining terms in (B.l) 
and (B.3) there is a matching for all orders of Gamma matrices, with the exception of the 
1-Gamma terms. In particular, on taking subtracting (B.l) from (B.3) one finds 

~4 + ^( ih i) ~~ 2 hihj + i4A Xe i t * e * t * Xtlt ' >t3t * 9i j ~ Y2 XjeieaeaXitltai3 

-Y e ^Y eih9ij + l -Y im Y 3 m ^ + e 1234 ) = . (B.4) 

However, this vanishes as a consequence of (2.14). 

Therefore, we have established that (3.25) is implied by (3.24), (3.20), together with 
(2.7), the gauge field equations (2.9) and (2.10), and the components of the Einstein 
equations on S. 



1 
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Appendix C A Lichnerowicz Identity 

Before we proceed to prove the near horizon Lichnerowicz identity of section 4, we shall 
elaborate on Spin(9) spinors. We begin with a realization of Majorana Spm(10, 1) spinors 
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described in appendix A. 2 of [17]. In this, the Dirac spinors are identified with A*(C 5 ). 
The Majorana spinors span a real 32-dimensional subspace after an appropriate reality 
condition is imposed. The Dirac spinors of Spin(9) are identified with the subspace 
A*(C 4 ) C A*(C 5 ). In particular, if C 5 = C < e u . . . e 4 , e 5 >, then C 4 = C < e u . . . e 4 >. 
The Majorana spinors of Spin(9) are those of Spin(10, 1) restricted on A*(C 4 ). From this, 
it is straightforward to identify the gamma matrices of Spin(9) from those of Spin(10, 1) 
which have been stated explicitly in [17]. 

The Spin(9) invariant inner product (•, •) is simply the standard Hermitian inner 
product on A*(C 4 ). With respect to this, the skew-symmetric products of k Spin(9) 
gamma matrices are Hermitian for k = mod 4 and k — 1 mod 4 while they are anti- 
Hermitian for k = 2 mod 4 and k = 3 mod 4. Using this, we have that 

*J = —hi - ^v^x hWi - l 6 x^ 3 r^ - ^r**>u - , 
* f = ~^ + ^/ lW4 -J%r^, (c.i) 

where t is the adjoint with respect to the Spm(9)-invariant inner product ( , ). 

Next let us turn to the computation of the RHS of (4.7). The term involving — 
can be expanded out directly in terms quadratic in the fluxes h,Y,X. In particular 

**** = y^ 2 + ^h ei X eM5 r^^ + ^{i h Y)^ 

- 27648 2 ^^ 54£r£ _ 384 ht^mntzt^ 

+ ^W,^ + ^WW.^ + ^Y^Ymn ■ (C.2) 

The term in (4.7) involving T^VjVj can be rewritten using 

r iJ ViVj0 = ~R<t> , (C.3) 
where R is the Ricci scalar of S. From the Einstein field equation (2.14), one has 

R = + l -h 2 + -Y mn Y mn + il W2<3<4 I w ^ . (a4) 

It follows that 

Re (^(0,r^V,0>) = J fa {~\h 2 - yY mn Y mn - ^Xftw^^M ,(C5) 

where we remark that the contribution to the integral obtained from the V l /ij term is 
a total derivative because (0, 0) = const, and hence its integral vanishes. Alternatively, 
this term vanishes if one assumes that V % hi = 0. 

To proceed with the evaluation of (4.7) observe that 



(C.6) 
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Using the fact that the Clifford algebra element of first term in the RHS of the above 
equation is self-adjoint, the Bianchi identity dX = and upon integrating by parts, one 
finds that 

Re ^(0, - **)v^ - (tft - *)rv^>) = J(4>, l(v%)rV> 

+Re (J(4>, {^x eM r*^ + V^r^rv^)) . (c.7) 

The term involving V l Y^ is then further rewritten as a term quadratic in X using the 
field equation (2.10). Next, we rewrite the second line in terms of the Dirac operator 
PVi0 + ^0, with a compensating term — \&0 which gives a term quadratic in the fluxes 
h, X, Y, and which can be expanded out straightforwardly. 
Next, we find that 

(Ptt-ttPjV^ = (-\ti + ^T* t ^X tli ^ + ±Y i l Y t )V i <l> 

+ (i^-lx W3 , 4 r^^ 4)r v,0. (c.8) 

Similarly, using the self-duality of the Clifford element in the first term in the RHS of the 
above equation, dX = and the condition (0, 0) = const, and upon integrating by parts, 
one finds 

Re (^(0,(r^-*F)V,0>) = 

+ 



The term involving V 1 !^ is then further rewritten as a term quadratic in X using (2.10). 
The second line is also further rewritten in terms of the Dirac operator P V,0 + \I>0, with 
a compensating term involving — ^0 which gives a term quadratic in the fluxes h, X, Y. 
Next note that 

(r*Vi* - v%)0 = ( - ^P'" + ^v'x^r^ 3 

(CIO) 

and so 

Re ^(0,(PV^-V^)0) = ^(0,^V^rV) , (C.ll) 

as the rest of the terms are anti-self-adjoint, and hence imaginary, and so they vanish. 
The term involving V l Y^ is then again rewritten as a term quadratic in X using (2.10) 



/"(0,-i(v%)rV) 

J S 

Re ^(0,(^^-lx W3 , 4 r^ 4) pv i 0)^ . 

(C.9) 
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Appendix D Solution of KSEs on M 8 

An alternative way to solve the KSEs (5.35) and (5.33) is to choose representatives for 
± as 

0+ = /(l + e 1234 ) , <j>~ = g(ei + e 234 ) (D.l) 

where f,g are real functions which may vanish at some points on M 8 . This choice can 
always be made using the local Spin(8) covariance of the equations. 

First consider the KSE (5.35) with the Levi-Civita connection acting on <p~ . This 
gives 

d A g + - f «W + ^p-tfja + ^§fXA Pqr e pqr + ^fX Al / = , (D.2) 

and 

^l A)TS e rs p + gflA,ip + — f$Ap — -^-fX A i rs e rs p + ^-fXAp^ = , (D.3) 

where in this section the indices A = (a, a) with a = (l,p) and a = (l,p), and p = 2,3, 4. 
The conditions which arise from the other KSEs with the Levi-Civita connection acting 
on + are derived from the above after exchanging 1 <H> —I, g — > f and / — > —g and 
m — > —m. The equations decompose under the SU(3) subgroup of G<i which is the 
isotropy group of the spinors ± at non-vanishing points. 

Similarly the solution of the (5.33) KSE on the spinor <p + is 

1 1 

v aia2Q3Q!4 _j v a /Si™, n 

lo O 

_Y a _ _i_ Y a - — fl (T) A\ 

q a /^ifc 6 7172 ' ct 7172 u V 1 ^'^/ 

The conditions on the X~ can be derived by exchanging 1 -H- — 1 and m — > —m. 
Next observe that the parallel transport equations, after using (D.4), give 

\/2m 

d A g + Y A f = 0, d A f-Y A g = 0, Y A = -^—R e [5 Al ] . (D.5) 

Thus f,g depend on one direction in M 8 , and f 2 + g 2 is constant which we set to 1. So 
although their vanishing locus may not be isolated their measure is zero because otherwise 
both must vanish at the same point which is not allowed. As a consequence, although 
g, f multiply the conditions on the fluxes and so they do not impose a condition at the 
vanishing locus, the fluxes can be determined everywhere in terms of the geometry as a 
consequence of continuity. Furthermore, observe that 

d(gfY) = (D.6) 

as an integrability condition of (D.5), which agrees with (5.46) as fgY is proportional to 



32 



To solve the linear system (D.2) and (D.4), set g = sin9 and / = cos# for some angle 
9 which depends on spacetime points. Then the fluxes can be expressed in terms of the 
geometry as 

2 4 
X lpq q = — -j= tan# &\, mn e mn p — -j= tan# fi ljlp - , 

2 4 
Xi Pq q = -j= cot 9 VLi mn e mn p - —j= cot 9 fij jp , 

v" q \j> ( v - 1 _i_ Y"-_ 9^ y ——^P ( Y - q — Y-- t\ 

Si-rsq 2 rsV^-lp? ~r ^lpq J j ^-rsll 2 rs^^-lpi? ^lpq J 1 

X qPr r = -D~5 qP - v /2^ tan6> COt ^ ^ g;T . s e rS p + tan Q ?; ip + cot fi 9jIp -] , 

-Xpgii = ( D+ - m)5 pq - V2 [ tan ^ ^ COt ® VL q ^ rs e TS p + tan 9 Q qAP - cot £l q ,ip] , 

^irs*e rsi = 2"^ — ' ^ Irs * erS * = — ~jP ~ ' 

-^-^ir S e rS p = 2 tan ^ ^(g,ks| eT * S p) + tan0^(g,|i|p) + -^-e m ^l m i/ , 
\/2 1 v^2 « 

— ^glrs^p = 2 ^^^feksl^P) ~~ C0t ^(q,|l|p) + — £ m qpX m U , (D.7) 

where 

D± = ^ tanfl ± CQt 6 + tan0^/ =F cot0£V] . (D.8) 
The conditions on the geometry of M 8 implied by the linear system are 

(^l,rs + ^l,rs) erS p + 2(fii 5 ip + ^l,lp) = , (^l, rs + f2i rs )e rS p — 2(f2 1 jp + f^ijp) = , 
Q[q,\rs\£ rS p] + 2^[g,|l|p] = , fi[ 5i | rs |e rS p] — 2fi[g i |i|p] = , 

^9,11 — ^q,p P ~ 2Ql Xg — ^l,fs erS g = j "q,ll + ^<?,p P + 2^1,1^ — "1,^^% = , 

O ,t-s q fs I on 90_- — n O c rs O ,r f5 _ 90 -_ _i_ 90_ — n 

i£, (jr,rs c p i£, p,rs c q > ^ iL q,lp z ' iL p,lq u i iL q,rs c p iL p,rs c q ^ iL q,lp > ^ iL p,lq u 

-n hp p + n rM t rst ^m(cot 9 + tan 9) = , 

2y 2 

- 2fi 9iI 9 + — ^m(cot - tan 0) = . (D.9) 
2y 2 

These geometric conditions must also be supplemented with ^(e 1 + e 1 ) = which follows 
from (D.5). The above conditions can be re-expressed in terms of G2 representations but 
their form above in terms of SU (3) representations suffices. 
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